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Application of quasi- f-power increasing sequence
in absolute ¢ — |C, «, 3; ;| of infinite series™

SMITA SONKER, ROzY JINDAL, LAKSHMI NARAYAN MISHRA®

ABSTRACT. An increasing quasi- f-power sequence of a wider class has
been used to establish a universal theorem on a least set of conditions,
which is sufficient for an infinite series to be generalized ¢—|C, «, 8; 8; 1|
summable. Further, a set of new and well-known arbitrary results have
been obtained by using the main theorem. Considering suitable condi-
tions a previous result has been obtained, which validates the current
findings. In this way, Bounded Input Bounded Output(BIBO) stabil-
ity of impulse has been improved by finding a minimal set of sufficient
condition for absolute summability because absolute summable is the
necessary and sufficient conditions for BIBO stability.

1. INTRODUCTION

Let 3" a, be an infinite sequence of partial sums, {s,} and n'* mean of
the sequence {s,} is given by u,, s.t.,

o0
Up = g Unk Sk -
k=0

An infinite series ) a, is absolute summable, if

lim u, = s,
n—oo

o0

Z [ty — Up—1| < 0.

n=1

2020 Mathematics Subject Classification. Primary: 40F05; 40G05; Secondary: 40D15.

Key words and phrases. Absolute summability, infinite series, quasi- f-power increasing
sequence, generalized Cesaro summability.

Full paper. Received 16 October 2020, revised 7 December 2020, accepted 18 February
2021, available online 11 June 2021.

*Corresponding author.

**This work has been financially supported by Science and Engineering Research Board
(SERB) through Project No. EEQ/2018/000393.

(©2021 Mathematica Moravica



2 APPLICATION OF QUASI—f—POWER INCREASING SEQUENCE

Let t, represents the n'” (C,1) means of the sequence {na,}, then the
series Y ay, is s.t.b. |C,1|x summable for k£ < 1, [9] if

o0

1
D —ftal* < o
n

n=1

The n'* Cesaro means of order (a, B), with a + 8 > -1, of the sequence
{nay,} is denoted by t&°, [1], i.e.

a—1 48
TL A()!‘f‘,B ZA A Uav,

where

ASHP = 1, n=0,

76

If the sequence t;,"” satisfies

Z O 0 < oo,

then the series ) a,, is said to be summable ¢ — |C, a, S|, for k > 1.

7/3

If the mean t” satisfies

e}

k
ank ) |t3’ﬂ| <0

then the infinite series is said to be summable ¢ — |C, o, 8; 9; |, for k > 1,
0 > 0 and [ is a real number.

Bor [2-6] gave numerous theorems on absolute summability and Cesaro
summability. In 2008, Bor [4] used almost increasing sequence for establish-
ing a theorem on |C,a, ", B|x summable factor. Ozarslan [12] generalized
the result on ¢ — |C, 1| by a more general absolute summability ¢ — |C, a.
Ozarslan [11,13] has proved some results on absolute summability factors and
on generalized Cesaro summability. Sonker and Munjal [14,15] determined
theorems on generalized absolute summability with the sufficient conditions
for infinite series. Also Mishra et. al. [17-19] gave results on trignomet-
ric approximation. In [20, 21| Srivastava and Singh used the summability
to approximate the trigonometric Fourier periodic functions and conjugate
functions in Lipschitz class & weighted class. In this paper an advanced

study has been carried out to further generalize the result of Sonker and
Munjal [15, 16].
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2. KNOWN-RESULT

A quasi- f-power increasing sequence is a positive sequence B = B,, with
a constant K = K(B, f) > 1 for all 1 < m < n such that

(1) K fuBu > finBum:

(2) f=1fal¢m)] = [n*(logn)”, 0<¢<1,1>0].

If we take ¢ = 0, then we get a quasi-n-power increasing sequence.

A quasi- f-power increasing sequence converted to quasi-(-power increas-
ing sequence [10], if n has certain value as 7=0 in the condition (2). With
the help of Cesaro summability of order «, Bor [7]| has proved the following
theorem.

Theorem 1. Let B, be a quasi-f-power sequence for some £ (0 < & < 1).
Also suppose there exists a sequence of numbers { Dy} such that it is {-quasi-
monotone satisfies the following:

(3) anan = 0(1)7

(4) ADy < &,

(5) | A An| < |Dnl,

(6) Z D, B,, is convergent for all n.

If the conditions

(7) [An|Bn = O(1), asn — oo,
m a\k

(8) 3 (w;) — O(Bn), asm — oo,
n=1

are satisfied, then the series Y anAy is |C, ol summable for 0 < a <1 and
k>1.

3. MAIN RESULT

Theorem 2. Let B, be a quasi-f-power increasing sequence for some (
(0 < (< 1) and {Dy} be a &-quasi-monotone sequence of numbers, s.t.,

(9) Y nénBn =0(1),
(10) ADy, < &y,
(11) | A An| < [Dal,

(12) ZDan < 00, for alln.
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If the conditions

(13) [Anl < | Dyl
m 1(k—1) 1(k—1)
On o
(14) jg:7ﬂa+ﬁ—m+ﬂk ::C)<1xa+ﬁ—w+0k—1>'
m ¢( 1
(15) Z nl(k—3k) (wﬁ’ﬁ)’“ = O(Bn), asm — oo,

are satisfied, then the series »  anA, is ¢ — |C, a, ;01| for k> 1,6 >0,

O<a<l, f>—-1,a+ >0 andl is a real number and we? s given by
7/3 -

(16) s {1%'% b A>-L0<axt,

|tn |, /8>_1’ 0421.

4. LEMMAS

We need the following lemmas for the proof of our main theorem.

Lemma 1. If0<a<1,>—-1and 1 <v <n, then

v
a—=14p —
E AL Apvay = max E Acd » pvap

Proof. See [8]. O

Lemma 2. Let B, be a quasi-f-power increasing sequence for some
¢ (0< ¢ <) and {D,} be a & quasi-monotone sequence of numbers s.t.

> né&nBy < oo,

ADy < &,

o

Zn§n|Bn| < o0.

n=1

Then
anan =0(1), asn — .

Proof. See [6]. O
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5. PROOF OF THE MAIN THEOREM

The series 3" ap\, will be ¢ — |C, , 3;6; 1|, summable, if the n'"* mean
T3P of order a4 8 of the sequence {na,\,} satisfies

9) ¢l(k—1)
n a:ﬁ k
(17) Z_:ln“"f—‘”“ TP F < .

Using Abel’s transformation, the n* mean Te"” of the sequence {napAn} is
given by

TanB — 1

n
n T‘f‘ﬁ Z A;?Z:,ll)Ag'Uav)\v
AP &

v=

1 n—1 [ )

_ =148

= oth > AN AN Adpay
n v=1 p=1

A S gan
+ QZBZA?:_})AgvaU,
An v=1

1 n—1 v B
T < o5 2 1AM 3 ARZ, A0 pay
A” v=1 p=1
n

Z AL ABya,

v=1

[An]

+ A%+5

1 n—1
< JotB Z AN AGT P wd P 4 | A

n v=1

(18) = Tﬁ’{g + T;i’f (say).

Using Minkowski’s inequality,

(19) (Tef e = Tef |+ ) < 2F (1T + 1T

In order to complete the proof of the theorem, it is sufficient to show that

00 ¢l(k71)
n k
(20) E 1h—ok) !T,‘ff\ < oo, forr=1,2.
n=1

By using Hoélder’s inequality, Abel’s transformation and the conditions of
Lemma 1 and Lemma 2, we have
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m+1

2
m+1 k 1) 1 n—1 &
Z nl(k—3k) Aa+5 (Z‘A)\v!z‘lﬁ*ﬂw;}ﬁ)

an Tof |k

m+1 l(k 1)  n-1 k-1
k
= Z a+ﬂ (et B—l6 D)k Z” (5K Dy | (w <Z|Dv’>
m m+1 I(k—1)
(a+p)k Bk _Pn

I)Z”a [ Do (wy") Z (at+B—16+1)k
v=1 v+1
m

PICSY

— a+pB)k a,B\k v

= 0(1) Y v\ Dy (w3 )
v=1

I(k—1)

= 0() Yol Dul () P

v=1
m—1 v ¢

k
ZAU|D| Z (wp) Tkr ok
v=1 r=1

Bk(bk 1
m|Dm|Z v ) ko

m—

1
(v + DA[Dy| = [Dy|[By + O(1)m| Dy | Brn
1

m—1 m—1
=0(1) Y v[ADy|B, + O(1) Y [Dy||By| + O(1)m| Dy | By

v= v=1

,_.

Zv B, +0(1 Z|D |B,| + O(1)m|D,,| By,

v=1 v=1
(21) =0(1), asm — oo,
m+l l(k—l) 5 m k: 1)
o,Bk

Z nlk— 5k)‘Tn,2‘ Z nl(k—3k) |An(w )
1(k— 1)

&
ZAIMZ =0

k 1)

on
|/\m|z 1(k—dk)
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m—1
1) 3" Al By + O(1) Al B

n=1
m—1

1) Y " |Du|By + O(1)| A | By
n=1

(22) =0(1), as m — oc.
Collecting (17)-(22), we have

(23) Z ¢" Taﬁ |* < 0.

Hence the proof of the theorem is complete.

6. COROLLARIES

Corollary 1. Let B, be a quasi-f-power increasing sequence for some (
(0 < ¢ <1)and {Dy} be a & quasi-monotone sequence of numbers satisfying
(9)-(13) and the following conditions:
mo i(k—1) L(k=1)
n J—
(24) ;} (@—110)k =0 < (a 15+z) ) ;

(k—1)

e

l(k—dk

— nl(k—ok)

Then the series > apAp is ¢ — |C,;6;l|g, fork>1,0>0,0<a <1
and | is a real number and ws is given by

(25) (w)* = O(B,,), asm — co.

1<v<n

N max [t9], 0<a <1,
[t&], a=1.

Proof. By using 8 = 0 in main theorem, we will get (24) and (25). We omit
the details of the proof as it is similar to that of the main theorem 2. O

Corollary 2. Let B, be a quasi-f-power increasing sequence for some C
(0 < <1)and {D,} be a & quasi-monotone sequence of numbers satisfying
(9)-(13) and the following conditions:

m (k) (k1)
(26) 2 e = O | o |

(k—1)

(27) > ’;Lk (w* = O(B,), asm — .
n=1
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Then the series Y anhy is ¢ — |C,alg, for k> 1,0 < o <1 and ws is
given by

(28) N {lrgggnﬁm, 0<a<l,
w = V>

[t2], a=1.

Proof. By using f =0, 6 =0 and [ = 1 in main theorem, we will get (26)
and (27). We omit the details of the proof as it is similar to that of the main
theorem 2. g

Corollary 3. Let B, be a quasi-f-power increasing sequence for some C
(0< ¢ <1)and {D,} be a& quasi-monotone sequence of numbers satisfying
(9)-(13) and the following condition

~ (wp)*
(29) Z = O(Bp,), asm — oc.
n=1

Then the series Y anAy is |C,alg, fork>1,0 < a <1 and wg is given
by

max [t9], 0<a <1,
<n

(30) wy = {1<v

[to], a=1.

Proof. By using ¢ =n, 5 =0, =0 and [ =1 in main theorem, we will get
(29). We omit the details of the proof as it is similar to that of the main
theorem 2. O

Corollary 4. Let B, be a quasi-f-power increasing sequence for some (
(0< ¢ <1)and {Dy,} be a & quasi-monotone sequence of numbers satisfying
(9)-(13) and the following conditions

m (k=1) s

(31) Z atBrk 0 platBrDk—1 |’
m (k—-1)

(32) L (w?)F = O(By), asm — oo,

nk
n=1

are satisfied, then the series > anAp is ¢ — |C a0, Blg, fork>1, 0 < a <1,
B>—1,a+p>0 and we” is given by

a,f B
(33) wh — pax [t7], f>-1,0<a<t,
2P, B>-1,a=1

Proof. By using 0 = 0 and [ = 1 in main theorem, we will get (31) and (32).
We omit the details of the proof as it is similar to that of the main theorem
2. O
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The idea of summability of infinite series has been applied in almost all
application areas of science like rectification of signals in FIR filter (Finite
Impulse Response Filter) and IIR filter (Infinite Impulse Response Filter),
to speed of the rate of convergence, orthogonal series and approximation
theory. Our concept of ¢ — |C,«, 3;;1| is also used to approximate the
trigonometric Fourier periodic functions and conjugate functions and help
the researchers of other areas of science who are working on the existing
results of Cesaro summability.

7. CONCLUSION

The aim of our paper is to obtain the minimal set of conditions for an
infinite series to be absolute Cesaro summable ¢ — |C, «, 5;6;1|x. Through
the investigation we may conclude that our theorem is a generalized version
which can be reduced for several well known summabilities as shown in
corollaries.
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